In this note, we propose gravity duals for 3+1 dimensional Lorentz invariant theories exhibiting discrete scale invariance. We construct non-singular solutions of a six dimensional gravitational theory that are warped products of AdS 5 and a circle. The presence of nontrivial warp factor explicitly breaks the symmetries of AdS 5 to discrete scale invariance and also breaks translation symmetry along the circle. The matter content of the 6D gravitational theory does not violate the null energy condition. In addition, we show that the linearized fluctuations around these 6D backgrounds are stable i.e., the fluctuations do not violate the Breitenlohner-Freedman stability criterion. The dual theories display periodic RG trajectories, but these RG flows do not violate the a-theorem. In particular, the dual field theory is not a soft deformation (deformation by marginal or relevant operators) of a 3+1 dimensional conformal field theory and hence the a-theorem and similar monotonicity constraints on RG flows do not apply to these examples. The holographic c-theorem also does not apply to these solutions. Finally, we present solutions of type II supergravity that exhibit discrete scale invariance to demonstrate that such solutions can be embedded in string theory.
Introduction
Most applications of renormalization group equations involve a flow towards a fixed point.
In general, the RG flows can end in more general attractors such as, limit cycles or even chaotic trajectories. In [1] , Wilson pointed out that phenomena exhibiting log-periodic behavior in momentum scale are described by RG limit cycles. Such theories are invariant under a discrete scale transformation. Many examples of non-relativistic unitary theories exhibiting discrete scale invariance (DSI) have been found [2] . Such theories can be helpful in understanding interesting universal phenomena arising in condensed matter system (for instance, Efimov states). It would be interesting to know what kind of theories can exhibit this behavior.
The possibility of such exotic RG flows in a unitary Lorentz invariant theory is somewhat restricted due to certain monotonicity constraints. In the case of 1+1 dimensional unitary, renormalizable quantum field theories (QFT), Zamolodchikov [3] proved the existence of a function (of couplings) C that decreases monotonically along the RG flow. The function C becomes stationary at fixed points and its value at a fixed point is given by the central charge of the conformal field theory (CFT) describing the fixed point. By completing an argument of Zamolodchikov, Polchinski [4] showed that a 2D renormalizable QFT (unitary and Lorentz invariant) exhibiting continuous scale invariance is also conformally invariant.
Since then there have been many developments in establishing such monotoncity results in other dimensions.
Recently, Komargadski and Schwimmer [5] proved the a-theorem which establishes the monotonicity of the a function along RG flows between fixed points in 3+1 dimensions. The a function interpolates between the Euler anomaly coefficients of the UV (a U V ) and IR (a IR ) fixed points. Using the analysis of [5] , Luty et al. [6] showed that perturbative scale invariant theories in 3+1 dimensions are also conformally invariant. They argued that RG flows in 3+1 dimensions can only asymptote to fixed points or limit cycles that are equivalent to fixed points.
1 Some counterexamples (which do not violate the assumptions in [6] ) of this result were suggested in [7, 8] . However, it was pointed out in a later paper [6, 9, 10] that the counterexamples proposed in [8] are actually conformally invariant. In particular, they point out that the examples in [7, 8] are conformally invariant even though the β−functions do not vanish (based on earlier results by Jack and Osborn [11, 12] ).
These constraints on RG flows seem to rule out the possibility of periodic or chaotic RG flows in unitary Lorentz invariant theories. 2 However, these results apply to flows starting from a UV theory that can be described as marginal or relevant deformations (soft deformations) of a conformal field theory (CFT) in 3+1 dimensions. The monotonicity results of [5] and [6] in general, do not apply to flows where the UV description contains nonrenormalizable interactions. In fact, Anselmi et al. [14] showed that a IR is not less than a U V for certain RG flows triggered by non-renormalizable deformations. However, the interpretation of a U V for such an RG flow is ambiguous as the flow does not interpolate between undeformed "UV" CFT and the IR CFT. These RG flows were studied earlier in [15, 16] where they argue that the non-renormalizable interactions are dangerously irrelevant.
There are examples of interacting non-renormalizable theories that are scale invariant (continuous) but not conformal [17] in 3+1 dimensions (also see [6] for a discussion). However, the dynamics of these theories is not well understood due to their unconventional kinetic terms [17] . It is also worth noting that in an effective field theory description of Efimov physics, it is essential to include irrelevant deformations to get rid of divergences in certain three body scattering amplitudes. It seems worthwhile to look for Lorentz invariant theories exhibiting DSI that cannot be described as soft deformations of a CFT.
A non-renormalizable UV theory can be interpreted as an effective description for energies E less than some UV scale Λ. However, to have a well-defined theory for all energies (including energies greater than Λ) the theory needs to be UV completed. In an effective field theory (EFT) framework, the deep IR behavior of a theory can be analyzed without worrying about the existence of a UV completion. The degrees of freedom with energies greater than the cut-off Λ are "integrated out" resulting in an effective theory with non-renormalizable interactions. It might appear that non-renormalizable interactions can be ignored in an effective theory as they become irrelevant in the deep IR. However, some non-renormalizable interactions could become relevant (or marginal) along the RG flow in the presence of other marginal or relevant deformations. It is dangerous to ignore such non-renormalizable interactions and they are known as dangerous irrelevant deformations (see appendix of [16] for a discussion of such operators). These operators are perturbatively irrelevant but their effect cannot be ignored in the infrared. In general, the presence of such deformations leads to breakdown of a perturbative expansion in the couplings and a non-perturbative framework 2 Such flows might exist when the flow function is multivalued in the space of couplings [13] .
might be necessary to understand these deformations. In principle, it is possible to avoid dangerous irrelevant operators by UV completing the theory. However, the existence of a UV completion may not always provide a convenient framework for studying the low energy physics. For instance, the UV completion may not have a Lagrangian or any conventional field theory description.
Gauge/gravity correspondence [18, 19, 20] offers a convenient framework to study nonperturbative effects in theories with holographic duals. In this note, we use the holographic principle to demonstrate the existence of 3+1 dimensional Lorentz invariant effective theories that exhibit discrete scale invariance. We argue that these holographic theories are not soft deformations of a conformal field theory. Monotonicity constraints on RG flows suggest that these theories cannot be UV completed by 3+1 dimensional CFTs. In other words, it appears that discrete scale invariance provides an IR-obstruction to UV completion by a 3+1 D Lorentz invariant field theory. However, UV completion by higher dimensional theories (on R 3,1 × M compact ), non-Lorentz invariant field theories or lattice theories is not ruled out.
We expect that the holographic DSI theories constructed in this paper can be UV completed by higher dimensional theories or by world volume theories on D-branes. We will provide some weak evidence for this claim.
We will now discuss a strategy to find a holographic description of theories exhibiting DSI, without violating the holographic c−theorem [21, 22, 23] . We will begin this discussion with a brief overview of the holographic c−theorem. This theorem is a monotonicity constraint on classical domain wall solutions (with d−dimensional Lorentz invariance) of a d+1 dimensional gravitational theory described by the following action
where L matter is the Lagrangian describing the matter content of the theory. We shall assume that the action does not involve higher spin fields and respects diffeomorphism invariance.
The most general line element with d−dimensional Lorentz invariance, that extremizes this action has the following form:
This line element describes the metric on AdS d+1 when A(w) = w/L AdS . Using Einstein's equations of motion we find
where T µν is the stress tensor due to the matter fields. We further assume that the stress tensor satisfies the null energy condition (NEC) T µν ξ µ ξ ν ≥ 0 for every future pointing null-vector ξ µ . This condition is not derived from any fundamental principle, but physically reasonable matter is believed to satisfy this condition (classically). This condition is usually imposed to eliminate superluminal effects and other peculiar features in a classical gravitational theory.
The null energy condition in conjunction with equation (1.3) leads to the following monotonicity condition on the warp factor: A ′′ (w) ≤ 0. We did not have to use the fact that the metric is asymptotically AdS to obtain this monotonicity relation. We can define a quantity a(w) as follows
The monotonicity condition on the warp factor can be written as a ′ (w) ≥ 0 i.e., a(w) is monotonic along the holographic direction. This condition known as the holographic c−theorem, can also be obtained from the Raychaudhuri equation applied to null congruences [21, 24] .
For solutions that describe a flow between AdS
and AdS IR 5 , this condition leads to the holographic version of the a−theorem in 3+1 dimensions. For the class of 3+1-dimensional CFTs dual to classical Einstein gravity, a = c [25] i.e., the coefficient of Euler density is the same as the coefficient of the square of Weyl tensor in the trace anomaly. There is a generaliztion of the holographic monotonicity condition for gravity duals of theories with a = c as well [26] .
We will now prove a corollary of the holographic c−theorem. We will show that (assuming the NEC is satisfied) a regular metric of the form in (1.2) cannot display discrete dilatation invariance if it approaches AdS as w → ∞. An asymptotically AdS metric of the form (1.2) can exhibit DSI if and only if, A(w) can be written as
where, f (w) is a bounded periodic function. The metric is not regular if f (w) is unbounded.
Since f (w) is periodic, f ′′ (w) must take both positive and negative values. This implies that A ′′ (w) must take both positive and negative values for the metric to exhibit discrete scale invariance. This cannot happen unless NEC is violated. Hence, an asymptotically AdS metric of the form (1.2) exhibiting discrete scale invariance is either supported by matter that violates the null energy condition or it must be singular. We would also like to point out that solutions with singularities can be physically meaningful if the singularities can be resolved.
It is possible to find holographic examples of cyclic RG flows by violating the null energy condition. Using a toy model, Nakayama [27, 28] showed that violation of null-energy condition can lead to solutions of (1.1) with DSI. In this model, conformal invariance is broken by a complex vector field that condenses. At the critical point, the energy-momentum tensor vanishes and appears to saturate the null-energy condition. However, the stress tensor does not satisfy the null-energy condition for all configurations of the matter field. In fact, the null energy condition is violated by arbitrarily small fluctuations around the critical point.
Violation of the NEC generically have been argued to lead to instabilities quite generically [29] suggesting that the dual field theory description of this toy model (if it exists) is unlikely to be unitary. But, there are consistent frameworks which allow for localized violations of the null-energy condition. In string theory, orientifold planes (which are negative tension objects) can allow for localized violation of null-energy condition. Quantum effects can allow for localized violations of null-energy condition, but the quantized matter fields should satisfy an average null energy condition. It would be interesting to find a generalization of the holographic c−theorem to include such effects.
We will now discuss an approach to finding gravity duals of cyclic RG flows without violating the null-energy condition. Consider domain wall solutions (of a d+D+1 dimensional gravitational theory) with d dimensional Lorentz invariance described by the following line element
where θ i denotes an internal direction and i ∈ 1, ..., D. In the next section, we will find a solution of a 6D gravitational theory that is a warped product of AdS 5 and a circle. We will show that the solution is free of curvature singularities and regular. In section 3, we study the linearized fluctuations around this background and show that all modes are stable. In other words, there is no violation of "BreitenlohnerFreedman type" stability criterion. We provide arguments to show that the dual theory is not a soft deformation of a conformal field theory and also discuss a plausible UV completion. In section 4, we present solutions of type II supergravity that exhibit discrete scale invariance. These solutions are obtained using a solution generating technique similar to the TsT transformations discussed in [32] . In section 5, we conclude with a discussion on the results of this paper.
A solution with discrete scale invariance
In this section, we present a solution of a 6D gravitational theory that has the right properties to be dual to a 3+1 dimensional discrete scale invariant theory. The 6D gravitational theory is described by the following action.
where
, is the potential for the scalar field χ. For convenience, we express Λ 1 and Λ 2 in terms of a characteristic length L and a non-dimensional parameter α as follows:
The reasons for choosing a specific range for α will become clear later. We will assume that χ is a compact scalar field (χ ≡ χ + 2π √ 2) but, in general, χ can have an unbounded field range. In string compactifications, the potential for angular moduli, such as axions, develops a periodic behavior from instanton corrections. The non-trivial periodic potential for the axion breaks the continuous axion shift symmetry to discrete shift symmetry.
We are interested in finding a solution of this theory whose metric is a warped product of AdS 5 and a circle. The line element describing the geometry of such a solution takes the following form:
A non-trivial axion flux is required to prevent the circle from shrinking to zero size. The warp factor must be periodic along the compact direction for the metric to be single valued and free of discontinuities. Also, the warp factor must have a non-trivial dependence on the compact direction when Λ 2 is non-zero. We would like to emphasize that null energy condition is not violated in this holographic description of discrete scale invariant theories.
We will now present a discrete scale invariant solution of the gravitational theory in (2.1) with the above mentioned properties. The geometry of this solution is described by the line element in (2.3) with
where sn, cn and dn are Jacobi elliptic functions (reparametrized to have periodicities 2π, 2π
and π respectively). The definition and some properties of the Jacobi elliptic functions sn, cn and dn are listed in Appendix A. We will denote the metric described by (2.3), (2.4) and (2.5) by g. The axion equation of motion and Einstein's equations are solved by the following axion profile:
where am is the Jacobi amplitude function (see Appendix A). Note that the partial derivatives of the axion field with respect to w and θ are periodic. Hence, the contribution of the axion to the stress tensor is periodic.
It can be easily verified that the metric g and the axion profile in equation (2.6) satisfy the equations of motion. This solution can be obtained by writing the equations of motion in first order form by choosing a suitable ansatz. In fact, there is a family of such solutions (with different potential for the scalar fields) that can be constructed by writing the equations of motion as first order equations. The precise details of these solutions and the first order formalism will appear in a future paper [33] .
The parameter h specifies the asymptotic behavior of the axion and N a determines the axion flux. When N a is zero, the circle degenerates and the geometry is not well-defined.
However, it is possible to find asymptotically AdS 6 solutions with N a = 0.
Let us now analyze the behavior of the metric g. Using the properties of the elliptic functions, it can be shown that 1 ≥ e
3 This implies that the metric g has a 3+1 dimensional conformal boundary when w → ∞:
where Ω(w, θ) = e −w/L e −C . The dual field theory lives on the conformal boundary and it is invariant under 3+1-dimensional Lorentz transformations. Note that the size of the circle remains finite throughout the geometry indicating that the dual theory is gapless.
The theory does not have continuous scale invariance but it is invariant under discrete scale transformations. Invariance under scale (discrete or continuous) transformations implies that there are arbitrarily low energy excitations or the theory is gapless. Invariance of the metric in (2.3) under discrete scale transformation is realized as follows:
Note that the invariance of the metric under discrete scale transformation is not an artifact of the choice of coordinates. This discrete scale invariance of the geometry can also be seen in coordinate independent quantities such as the Ricci scalar, which is given by
Note that the Ricci scalar, R is negative for all values of w and θ when 0 ≤ α < 2/3.
Scale invariance is broken if any curvature invariant depends on the holographic direction, w.
When h is finite, the Ricci scalar displays periodic behavior in w and hence scale invariance is broken to discrete scale invariance.
When h → ∞, the axion becomes independent of w and the solution can be written as
In this limit, all the curvature invariants are independent of w, and the geometry exhibits conformal invariance. In other words, the solution with h → ∞ is dual to a conformal field theory. It is possible to find a choice of renormalization scheme in which this conformal field theory is described by a conformal RG limit cycle [6] . Gravity duals of such conformal limit cycles can be obtained by performing a coordinate transformation on (2.9) that just redefines the holographic direction w in (2.9): w ′ = w + W(θ, w) (where W is a periodic function of w and θ). This coordinate transformation results in a metric of the form (1.5), but it neither modifies the behavior of the curvature invariants or the asymptotic behavior. Asymptotically
AdS solutions having the same boundary behavior (or same conformal boundary data) that are related by bulk diffeomorphisms are dual to the same theory (with different choices of the renormalization scheme).
Some diffeomorphisms in the bulk modify the conformal boundary data or the asymptotic behavior of certain fields in the gravity theory. Geometries related by such diffeomorphisms are dual to different theories. For instance, a coordinate transformations that modifies the periodicity of θ leads to a different solution with a different asymptotic behavior of the axion and the metric. This idea can be used as a solution generating trick for obtaining solutions satisfying different boundary conditions. In fact, it has been used in the past to generate black hole solutions from known black hole solutions (see for e.g., [34, 35] ). Lunin and
Maldacena [32] showed that this technique combined with a sequence of T-dualities can be used to generate gravity duals that describe certain marginal deformations (β-deformation)
of N = 4 SYM theory. More recently, this transformation has been used to generate solutions of type II supergravity having non-relativistic symmetries [36] . In Section 5 we will use this trick to generate solutions of 10D supergravity with discrete scale invariance.
We will now show that g is regular (non-singular) for all non-zero values of N a and h.
First, we will show that all curvature invariants are finite. The curvature invariants can be written as a polynomial (with appropriate contraction of indices) in g µν and derivatives of g µν . It follows from the discrete scale invariance of the metric that the Ricci scalar and other curvature invariants, such as R ab R ab , R abcd R abcd , are all periodic functions in w and θ. These periodic functions can be expressed as a polynomial in e 2C , e −2C , e 2B , e −2B , A and their derivatives. All of these functions are regular and hence the curvature invariants must be regular periodic functions of w and θ.
We will now show that g is geodesically complete. The evolution of null and timelike geodesics is described by the following equation
where k = 0 for null geodesics and k = −1 for timelike geodesics. In the above equation, λ is the affine parameter and (E, p) are the constants associated with the Killing vectors (∂ t , ∂).
Using the fact that e 2C is a bounded function, we can obtain the following inequality e 2C min +2Cmax dw dλ 
Linearized Fluctuations
In this section, we will analyze the linearized fluctuations around the background described by (2.3), (2.4), (2.5) and (2.6) and show that they are all stable. We will also use this analysis to argue that the dual field theory is not a soft deformation of a conformal field theory. In particular, we will show that the parameter h is dangerously irrelevant which leads to a moderate hyperscaling violation that breaks continuous scaling symmetry to discrete scaling symmetry.
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The linearized fluctuations of the metric can be decomposed into tensor, vector and scalar modes as follows:
where the lower Latin indices denote the non-compact directions, γ ab is the metric on AdS 5
in Poincaré coordinates and
In the above expression, ∇ denotes the covariant derivative in AdS 
Stability of linearized fluctuations
The linearized Einstein equations for the traceless transverse modes decouple from the scalar modes and can be written as follows
where H ab = Ω 2 h T T ab , denotes the d'Alembertian operator of 3+1 dimensional Minkowski space and £ is a linear operator given by
The operator appearing in equation (3.3) is the Laplacian operator associated with the metric g. In other words, H ab satisfies the wave equation for a probe scalar in this background.
Translation invariance along (t, x) allows us to use Fourier decompoition along these direc- 
where p 2 = E 2 − p 2 and the operators Q 1 and Q 2 are given by,
In the above equations Q † denotes the adjoint of Q in the space of square integrable functions.
If we assume a flat space norm for H ab , then the left hand side of (3.5) is semi-positive definite.
In other words, there are no square integrable solutions of (3.5) with negative values of p 2 .
This implies that the traceless-transverse tensor fluctuations are linearly stable.
We will now show that square integrability of H ab is equivalent to finiteness of the energy functional associated with the traceless-transverse modes. Finiteness of the energy functional associated with a field configuration defines a notion of normalizablility of the field configuration in curved spacetime. The normalizability condition for linearized fluctuations with stress tensor T lin AB is given by
where Σ denotes a constant time slice with induced metric σ, ξ A is a time-like Killing vector and A ∈ {t, x, w, θ}. Note that we have assumed that there is no energy-momentum flux leaking out of the boundary at w = ∞. In order to compute T lin AB , we can treat H ab as a probe massless scalar. This is justified as H ab is governed by a massless scale wave equation.
Without loss of generality, we can assume ξ = ∂ t ; in this case, it is sufficient to compute T lin tt component of the energy momentum tensor. Now, the finiteness condition on energy simplifies to
This shows that the finiteness condition on energy of the linearized fluctuations is equivalent to square integrability condition on H ab . This completes our discussion on linear stability of transverse traceless modes.
We will now show that the linearized fluctuations of the scalars are also stable. The axion fluctuationχ and the radion fluctuation h 
where,
Note that U (w, θ) is positive for all α < 1. We can write (3.9) in the Schrödinger form by changing the independent variable to S T = e C e 2w/L S T . The linearized equation for scalar fluctuations in the Schrdingier form can be written as
We can repeat the earlier arguments to show that the left hand side of the above equation is positive definite. Hence, all finite energy configurations of S T must have positive p 2 . In other words, the scalar modes are also linearly stable. This implies that all linearized fluctuations around g are stable.
Dangerously irrelevant operators
We will now argue that the dual field theory is not a soft deformation of a 3+1 dimensional CFT. We know that when h → ∞ the dual field theory is a conformal field theory. For large, but finite values of h we can assume that the UV description of the dual theory is a deformation of a conformal field theory by ∆ λ ∆ (h)O ∆ , where λ ∆ denote couplings and the operators O ∆ denote operators of the conformal field theory with dimension ∆. In the limit when h is large, these operators are dual to linearized fluctuations around the h → ∞ solution in (2.9) . Let us analyze the nature of the operator dual to the scalar mode S T . Using the h → ∞ limit of (3.9) or (3.11), we can show that the dimension of the scalar operator satisfies the following eigenvalue equation
We can use the positivity of the left hand side to conclude that ∆ > 4. There is no relevant or marginal scalar deformation and hence the parameter h corresponds to an irrelevant deformation. Hence, the dual field theory is not a soft deformation of a conformal field theory.
The parameter h leads to violation of continuous scaling laws and affects the IR physics even though it is irrelevant. In particular, the period of the limit cycle is determined by h. Hence, the parameter h should be related to a dangerously irrelevant coupling. It is well known that dangerously irrelevant operators lead to hyperscaling violation in condensed matter systems (for e.g. see [37] ). The dual field theory can be considered as a special example of theories exhibiting hypercsaling violation where scale invariance is restored periodically resulting in discrete scale invariance.
The dual DSI field theory (for any h) cannot be UV completed by a 3+1 dimensional CFT that is dual to an asymptotically AdS 5 solution of (2.1). This can be explained as follows.
To describe the UV completion in the gravity theory, we have to find a saddle point of (2.1) that interpolates between a metric of the form (2.9) as w → ∞ (UV of the dual theory) and the metric g as w approaches −∞ (IR of the dual theory). Note that the UV asymptotic (w = ∞) should satisfy the equations of motions as well. The operator dimensions of scalar deformations near w = ∞ is determined from (3.12). It is clear that the scalar deformations cannot be marginal or relevant at the UV. This suggests that the discrete scale invariant theory dual to g cannot be UV completed by a 3+1 dimensional CFT with a classical gravity dual. The 6D action in (2.1) admits two inequivalent AdS solutions when χ is a compact field. So, it might be possible to UV complete this theory by a theory on R 3,1 × w S 1 . To show this, we have to find a solution interpolating between AdS 6 solution of (2.1) and g.
We will not find such a solution in this paper, but it would be interesting to find one in the future. We will argue that discrete scale invariant theories can be UV completed by finding alternate examples. This is done in the next section where we will present solutions of type II supergravity that are dual to discrete scale invariant theories. These theories can be UV completed (in principle) by an open string theory describing the worldvolume theory of certain D-branes.
Before we proceed to discuss examples of discrete scale invariant solutions in type II supergravity, we will comment about the solutions of the wave equation in (3.3) and the behavior of correlation functions.
Comments on correlation functions and Bloch decomposition
The most general solution of (3.3) takes the following form That is, the decomposition in (3.13) can be considered as a Bloch decomposition associated with discrete scale invariance.
Note that most monotonicity theorems on RG flows based on field theoretic techniques assume that the UV theory can be expressed as a deformation of a CFT by operators (relevant) with "well-defined" conformal dimensions. This assumption may not apply to discrete scale invariant theories where ∆ B is not a good quantum number in the strict sense. This does not imply that operators cannot be classified as marginal, relevant or irrelevant. Wilson and G lazek [39] demonstrated using a simple quantum mechanics example that it is possible to classify operators of a discrete scale invariant theory as marginal, relevant or irrelevant based on Wegner's eigenvalues [38] . At present, it is not clear how to extend the analysis in [38, 39] to the present context. However, it seems reasonable to assume that ∆ B (Bloch conformal dimension) can be used to classify operators (of the dual DSI theory) as marginal, relevant or irrelevant following the usual holographic dictionary.
We will now analyze the behavior of correlators of a massless scalar field which can be considered as a proxy for H xy . 8 The two-point function of scalars can be computed if the bulk-bulk propagator is known. The bulk-bulk propagator for a scalars is determined through the following equation
In principle, we can solve equation (3.14) to obtain the two point function of scalars. 9 The bulk-boundary propagator can be determined from G(w, w ′ ; x, x ′ ) using Green's second identity which gives the two-point functions.
We can verify that the bulk-bulk propagator cannot be expressed as a function of AdS geodesic distance; in particular, it is not invariant under continuous scale transformations.
This implies that the bulk-boundary propagator, does not respect conformal symmetries or continuous scaling symmetry. However, G(w, w
. This implies that the bulk-boundary propagator should exhibit log-periodic behavior in |x − x ′ | or in momentum scale. We have also shown that the linearized fluctuations are stable and there is no violation of Breitlohner-Freedman (BF) stability criterion. Hence, there is no indication that the dual field theory is nonunitary. The log-periodic behavior exhibited by correlation functions is associated with the Bloch decomposition described earlier. Note that log-periodic behavior is not associated with complex values of ∆ B unlike the operators in non-unitary CFTs dual to BF violating mass in AdS. In such non-unitary CFTs, the log-periodic behavior respects conformal invariance and can be determined using the conformal algebra. can be written as follows:
We write S 5 as a Hopf vibration over CP 2 as follows (see Appendix C for details):
The solution generating trick involves the following three sequential steps: (1) T-duality along ϕ (Hopf circle), (2) coordinate transformation: φ → φ + βϕ + αhf (w/h) and (3) T-duality along ϕ. Note that the second step modifies the conformal boundary data; in particular it modifies the periodicity of φ and resulting in a shift in the conserved charge associated with ϕ translation symmetry. In addition,this shift is scale dependent when α is non-trivial.
Note that this set of operations produces a new solution of the equations of motion from an already known solution in the same way, but with different asymptotic boundary data. We will assume that f ′ (x) is a bounded periodic function (with period 2π) and we will denote it by F p (x). Under the action of the above set of transformations, the line element (string frame) is modified as follows:
Note that g ww , ζ ϕ , ζ φ and ζ ψ are invariant under only discrete shifts in w. In other words, the metric exhibits discrete scale invariance. We can aslo show that this is not a coordinate artifact by evalutaing curvature invariants. The dilaton (Φ) and the NS 2-form field (B) of type IIB supergravity have non-trivial profiles in this solution. The dilaton profile is given by e −2Φ = e −2Φ 0 κ. The non-trivial components of the NS 2-form field are:
Note that the Einstein frame metric can be obtained from the string frame metric by multiplying by e −Φ/2 .
When α = 0, the dual field theory is a deformation of N = 4 SYM theory arising from replacing products of fields in the Lagrangian by star products [40, 32] . However, the star product only introduces certain phases in the terms present in the Lagrangian. This phase is related to the deformation parameter β. When α = 0, in addition to this phase becoming scale dependent, the conformal dimensions of the operators are also shifted by a function of the R-charges. At present, it seems difficult to translate these operations into field theoretic language and leave this for future. In this regard, it seems worthwhile to construct solutions that preserve supersymmetry by performing the generalized TsT transformation on a different set of U(1) directions. 10 In addition, it might be possible to use non-renormalization theorems to address questions about 1/N corrections.
Note that the above solution generating trick can be used to generate a large class of solutions breaking various space-time or internal symmetries. In particular, it is straightforward to construct non-relativistic examples of discrete scale invariant theories by choosing a null direction instead of φ in the generalized TsT transformation [36] . This procedure might be helpful in finding black hole solutions that describe discrete scale invariant theories at finite temperature. It would be interesting to know how various transport properties behave in discrete scale invariant theories.
Comments and Discussions
In this note, we have used the holographic principle to argue for the existence of Lorentz invariant, discrete scale invariant theories that are described by limit cycle RG flows. However, this does not imply the absence of a function that is monotonic along the RG flow. In other words, there is a sense in which the number of degrees of freedom decreases as the theory flows towards the IR. 11 This fact can be easily seen on the gravity side using Raychaudhuri equation. The Raychaudhuri equation translates null energy condition into a monotonicity condition on the expansion parameter for null congruences. In the case of RG flows between CFTs, it can be shown that the monotonicity of the expansion parameter implies the a−function is monotonic [21, 24] . Such an a−function is not defined for discrete scale invariant theories and it is not clear how to construct a monotonic function of couplings using the information about the monotonicity of the expansion parameter. However, this indicates that it might be possible to set an arrow on RG flows even if it exhibits cyclic behavior.
The existence of gravity duals for cyclic RG flows suggests that there is a landscape of discrete scale invariant solutions of type IIB supergravity that cannot be described using a conventional lower dimensional effective action of the form (1.1). It would be interesting to know if a lower dimensional framework exists for studying such solutions.
This also suggests the possible existence of tunneling transitions that are not described by conventional Coleman-de Luccia instantons. In particular, the lower dimensional effective theory framework used to describe Coleman deLuccia instantons cannot describe tunneling transitions that involve mixing of an arbitrarily large number of Kaluza-Klein modes [33] .
12
The existence of gravity duals for cyclic RG flows also raises the following question: Is it possible to find classically stable and geodesically complete, bouncing cosmological solutions of general relativity without relaxing the conditions on energy-momentum tensor? 13 In particular, can we find a solution of the following form, exhibiting periodic behavior in time without relaxing the energy conditions [42] 
This possibility seems to be ruled out by Hawking-Penrose singularity theorems [43] . 
A Jacobi Elliptic functions
In this appendix, we list the properties of the reparametrized functions am, dn, cn and sn.
The reparametrized Jacobi elliptic functions are defined as follows:
am(x, α) = am(2Kx/π, α), dn(x, α) = dn(2Kx/π, α), (A.1)
sn(x, α) = sn(2Kx/π, α), cn(x, α) = cn(2Kx/π, α) (A.2)
where, K is the complete elliptic integral of the first kind: In terms of these 1-forms, the metrics on CP 2 and S 5 may be written, 
